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This paper presents a novel real-time trajectory generation algorithm for accurate high-speed cornering
applications. Typically, reference tool-paths compromised of G01 lines are geometrically smoothed by
means of arcs and splines. In this study, a kinematic corner smoothing algorithm approach is proposed
where the cornering trajectory of the tool is generated through FIR (Finite Impulse Response) filtering of
discontinuous axis velocity commands at segment junctions. Contouring errors at sharp corners are
controlled analytically by optimally overlapping acceleration profiles of previous and present segments.
Residual vibrations due to excitation of structural modes are avoided by tuning filter delays for all drives.
The proposed method has been experimentally demonstrated to show significant improvement in the
cycle time and accuracy of contouring Cartesian tool-paths.
! 2015 CIRP.

1. Introduction
Computer-aided design (CAD) systems are utilized to design
complex geometries based on smooth parametric splines such as
NURBS or B-splines. Although direct interpolation of these curves
is proven to be superior in terms of providing smoother and faster
motion on modern machine [1–3], vast majority of numerical
control (NC) systems accept reference tool-paths defined only by
simple linear segments, so-called the G01 lines, or basic arcs.
In order to generate high-speed motion along linear segmented
tool-paths, ‘‘geometric sharp-corner-smoothing’’ algorithms have
been favoured. Sharp corner geometries are replaced with splines
and consequent linear segments are blended smoothly. Acceleration
continuous motion can be planned, and cornering errors due to
blending can be controlled accurately [4,5]. Nevertheless, structural
vibration frequencies may still be triggered due to rapidly changing
velocity profile around the corner. Well-known techniques such as
input shaping [6], or Finite Impulse Response (FIR) filtering [7] have
been integrated to minimize residual vibrations. However, filtering
introduces unavoidable delay and induces large contouring errors in
multi-axis motion that must be compensated [8].
In this paper, we propose a novel online reference trajectory
generation scheme for smooth interpolation of discrete linear toolpaths with confined cornering error. The proposed scheme is
presented in Fig. 1. Chain of FIR filters is used to generate smooth
velocity, acceleration, jerk profiles and shape frequency spectrum
of the reference trajectory. FIR filtering introduces unavoidable
delay at the end of motion commands. In this work, instead of
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Fig. 1. Proposed corner smoothing scheme.

compensating this delay, it is made use of to synchronize drives’
motion and to smoothen sharp corners with specified cornering
tolerance. Fig. 1 illustrates the case where a 908 corner is smoothed
by timing the interpolation of consecutive G-lines. For instance, the
X-axis motion, commanded in the 1st G-line is elongated by the
filter delay, Td. In the proposed scheme, second G-line is
interpolated before X-axis reaches the full stop. As a result, a
sharp corner can be rounded kinematically without modifying the
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Fig. 2. Generation of smooth trajectories utilizing FIR filters.

path but by directly making use of the filter delay. The key for the
proposed scheme is to accurately ‘‘time’’ consequent block
interpolations to smooth corners with desired tolerances with
respect to the filtering delay. Since the method is kinematic and
simply filters the ‘‘bang-bang’’ type velocity profile at the corners,
it delivers the fastest cycle time leading to an optimal trajectoryplanning scheme. Details of the proposed multi-axis trajectory
generation scheme and its experimental validation are presented.

As noted, FIR filter acts as a moving average and integrates the
commanded velocity pulse. The resultant feed profile v0 (t)
becomes trapezoidal and acceleration is rectangular (see Fig.
2). Peak acceleration depends on the filter’s time constant,
amax = v/Ti. Due to the formal definition of convolution, total cycle
time is sum of both time duration of the input velocity pulse and
filter’s time constant, Ttotal = Tv + Ti. Please note that Tv is
computed based on the total travel length, L, and the commanded
velocity,

2. FIR filtering based trajectory generation
L
v

(5)

2.1. Generation of high order kinematic profiles

Tv ¼

Typically, ‘‘trapezoidal acceleration’’ or ‘‘trapezoidal jerk’’ based
feed profiling are used for generating high-speed motion. This
section introduces general methodology to generate smooth
trajectories utilizing chain of n FIR filters as drafted in Fig. 2.
A 1st order FIR filter with a unity gain can be presented in
Laplace(s) domain as:

so that when convolved with the FIR filter, area underneath
velocity pulse does not change, and thus integration of v0 (t)
satisfies desired position command, s0 (t).
Accordingly, higher order trajectories can be generated by
applying series of n FIR filters. As shown in Fig. 2, if a second FIR
filter is added to the structure, it convolves the rectangular
acceleration function and converts it to first order. Maximum value
of acceleration remains the same as amax. Jerk profile becomes
rectangular, and its maximum depends on the 2nd FIR filter’s time
constant, i.e. jmax = amax/T2. It should be noted that for this
condition to work, there should be enough time for both of the
filters to converge to steady state. In other words; Tv > T1 > T2
should be satisfied. Total travel time is stretched by sum of the total
delay in the chain,

M i ðsÞ ¼

1 1 $ e$sT i
;
Ti
s

i ¼ 1; :::; n

(1)

where Ti is the time constant, so-called the delay of the ith FIR filter.
Similarly, the FIR filter can be characterized by its rectangular
impulse response with a unitary area:
mi ðtÞ ¼ L$1 ðM i ðsÞÞ ¼
!
1; t % 0
¼
0; t < 0

uðtÞ $ uðt $ T i Þ
;
Ti

where u
(2)

For the sake of simplicity, trajectory generation for a single-axis
motion is considered, and a rectangular (pulse) velocity signal with
magnitude of v is send to a FIR filter for a period of Tv % Ti. The
filtered velocity signal can be computed through convolution:
Z
1 t
v0 ðtÞ ¼ vðtÞ&mðtÞ ¼
ð½vðt Þ $ vðt $ T v Þ(½uðt $ t Þ $ uðt $ T i $ t Þ(Þ dt
Ti 0
"
"
Rt
R
t
"
vðt Þuðt $ t Þ dt $ 0 vðt Þuðt $ T i $ t Þ dt $
1 ""
"
Rt
(3)
¼ "R t 0
"
T i " vðt $ T v Þuðt $ t Þ dt $ vðt $ T v Þuðt $ T i $ t Þ dt "
0

0

The filtered velocity profile v0 (t) is calculated by evaluating
above integrals;
8
ðv=T i Þt;
0 ) t<T
>
>
<
v;
Ti ) t < Tv
(4)
v0 ðtÞ ¼
v=T i ð$t þ T v þ T i Þ; T v ) t < T v þ T i
>
>
:
0;
Tv þ Ti ) t

Td ¼ T1 þ T2 þ . . . Tn

(6)

2.2. Frequency shaping of reference trajectory
Proposed structure also allows us to shape frequency
spectrum of the generated trajectory. Acceleration a0 (t) corresponds to the torque/force delivered by motors, which excites
drive system,
a0 ðsÞ ¼ vðsÞsM1 ðsÞ . . . M n ðsÞ ! a0 ð jvÞ
¼ vð jvÞð jvÞM 1 ð jvÞ . . . Mn ð jvÞ

(7)

Frequency response of the FIR filter can be evaluated from
Eq. (1) as:
M i ð jvÞ ¼

# #
$
$
1 1 $ e$ jvT i
vT i vT i
=
¼ e$ jvT i =2 sin
Ti
jv
2
2

(8)
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Overall spectrum of the acceleration is computed by product of
individual FIR filters’ frequency response as:
ja0 ð jvÞj ¼
¼

"
" Y
n ""
n ""
Y
"
"
"sinðpv=vi Þ";
"sinðvT i =2Þ" ¼
" pv=v "
" vT =2 "
i

i¼1

i¼1

i

where vi

2p
Ti

(9)

Above property can be exploited to choose parameters of the
trajectory/filter in order to suppress lightly damped structural
frequencies of the feed drive system or the servo itself. An example
is presented in Fig. 3. For instance, in order to avoid excitation at a
critical modal frequency vr delay of the filter is tuned to match one
of the ripples of the FIR filter as:

vi ¼

vr
k

$ Ti ¼ k

2p

vr

;

k ¼ 1; 2; . . . ; N

(10)

Fig. 3. Frequency response of FIR filters.

3. Accurate corner smoothing
As a G-line is processed, commanded feedrate is separated into
axial velocity pulse commands and interpolated through FIR filters
for each drive, which ensures synchronized multi-axis motion. This
process stretches total cycle time of a G-line. Thus, interpolation of
the successive G-line must be delayed so that a full stop is
performed at their junction point. This is illustrated on a b = 908
corner trajectory shown in Fig. 4a. Feed motion is commanded on
two 2.5 [mm] subsequent lines at a feedrate of F = 50 [mm/s]. This
results in Tv = 2.5/50 = 50[ms] width of velocity pulses to be
delivered. A single FIR filter, T1 = 20 [ms] is utilized for the
interpolation of drive commands, and total cycle time becomes
Tv + T1 = 70 [ms]. Corresponding acceleration and velocity profiles
are shown in Fig. 4b. As noted, if successive G-lines are filtered
with a delay of Td = 20 [ms], convolution starts with zero initial
conditions, full stop can be performed and hence sharp corners are
machined. Please note that trapezoidal velocity profile is generated
with a single FIR filter.
If consequent G-line is interpolated without fully waiting for
the filter delay that is added to the previous one, it forces
convolution to start with non-zero initial states, i.e. initial velocity,
and acceleration. Here, the amount of overlap between successive
G-line filtering is called the overlapping time, Tk
0 ) Tk ) Td

(11)

which is utilized to control the cornering error. In Fig. 4c, Tk is set to
Tk = Td, and full-overlap is commanded. The successive block is
interpolated immediately. As noted from Fig. 4c, in full-overlap Xaxis does not slow down around the sharp corner where Y-axis
reverses its velocity from F sin(458) to $F sin(458) with an
maximum acceleration of amax = 2F sin(458)/T1 = 3535 [mm/s2].
Since both axes do not slow down before approaching the corner,
the corner is smoothened with large contouring errors, and
delivers the fastest cornering kinematics.
If the overlapping time is less, due to the moving average, both
drives slow down for period of Td $ Tk (see Fig. 4d), and then
successive feed pulses enter the convolution to change the feed
direction. Thus, drives slow down before approaching to the corner
and alter their velocities to the succeeding feed vector. The case for
Tk = Td/2 = 10 [ms] is shown in Fig. 4d. Acceleration and velocity

Fig. 4. Accurate corner blending based on G-line overlapping.

profiles can be computed by applying convolution with initial
states. As an example, X-axis profiles become:
8 $
8
F$
$F
>
>
>
>
;T v ) t ) T v þ T slow
Fx$ $ x t
> x
>
>
>
>
>
T1
T
>
>
< DF1
<
$
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x
!yxf ¼ Fx$ $ x T slow þ
axf ¼
t
;T v <t ) T v þ T 1 ;
>
>
T1
T1
T1
>
>
>
>
$
þ
> Fþ
>
F
D
F
F
>
>
Tvþ
x
>
>
: x
:Fx$ $ x T slow þ
T þ x t ;T v þ T 1 <t )
T 1 þ T slow
T1
T1
T1 k T1
where DF x ¼ Fxþ $ Fx$ ; T slow $ T 1 $ T k
(12)

Fx$

Fxþ

¼ FcosðaÞ and
¼ Fcosða $ bÞ are X-axis velocity commands along successive G-lines. As long as F is constant, largest
cornering error occurs in the middle of the overlapping time
Tv + T1 $ Tk/2 due to symmetry. By integrating the velocity profile,
axes positions and location of the largest cornering error can be
calculated. In case of a single FIR, i.e. trapezoidal velocity, cornering
error e is calculated as a function of cornering angle, b and Tk as:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u 2
uF T 4 ð1 $ cosðbÞÞ
e¼t k
(13)
32T12
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For 2 FIR filters, the profile becomes jerk limited and for a given
cornering error e, necessary overlapping times are calculated as:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
24T 1 T 2 e
3
; 0 ) T k ) 2T 2
Fsinðb=2Þ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T2
4T 1 e
$ 2 ; 2T 2 ) T k ) T 1 þ T 2
Tk ¼ T2 þ
Fsinðb=2Þ 3

Tk ¼

(14)

where b is the cornering angle. Consequently, by selecting the
overlapping time between the blocks from Eq. (14) linear
segments can be blended with the desired cornering tolerance e
set by the user. Owing to its simplicity, proposed Interpolation
scheme is applied conveniently in real-time along entire G-code.
4. Experimental results
The proposed accurate cornering algorithm is experimentally
tested on a two axis, ball-screw driven machine tool shown in
Fig. 5. Cascade P-PI motion controller is implemented with inertia
and friction feed-forward for accurate positioning. For demonstration, a pair of steel beams are placed on the X–Y table whose first
bending modes are at vn,X = 11.4 [Hz] and vn,Y = 6.8 [Hz]. Frequency content of reference acceleration can easily excite those lightly
damped low frequency modes. Time constants of the FIR filters in
proposed method are selected as T1 = 148 [ms] and T2 = 89 [ms],
respectively to avoid residual vibrations.

Fig. 5. Experimental setup.

A diamond shaped tool-path shown in Fig. 6a is commanded for
continuous travel at a feedrate of F = 250 [mm/s], and the cornering
tolerance is set to e = 500 [micron]. The proposed cornering scheme
is compared experimentally against the geometric corner-smoothing algorithm, which uses curvature optimal corner blending [4].
Fig. 6b shows feed profiles along the tool-path. As noted, proposed
method delivers faster cycle time due to the fact that it can accelerate
through the corner. In contrast, tool must cruise at a constant speed
through the corners so that axis acceleration limits are respected in
geometric smoothing method. The acceleration profiles of the axes
cannot be controlled since they are dictated by the corner curvature
and the feedrate. As a result, flexible beams are excited in each
direction around the corner blends as shown in Fig. 6e–f. In the
proposed method, corners are turned without stopping and without
triggering any vibration on the beams (see Fig. 6f). Furthermore, by
explicitly calculating the overlapping time with respect to the filter
delay and the cornering angle, proposed method accurately rounds
the corners with respect to given tolerances. The overall cycle time
and motion accuracy is clearly better than the widely used geometric
corner blending method.
5. Conclusions
A new trajectory generation scheme has been proposed for
Cartesian machine tools for accurate cornering. As compared to
conventional geometric path smoothing algorithms, the novel
cornering scheme filters discrete tool-paths and rounds the sharp
corners with respect to the desired tolerance while delivering the

View publication stats

Fig. 6. Experimental results.

fastest cycle time. Utilizing chain of FIR filters, it guarantees high
kinematic smoothness and at the same time avoids exciting lightly
damped critical structural modes of the machine structure. The
algorithm can be programed in real-time by utilizing moving
average filters, and hence provides effective practical implementation for NC systems.
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